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1. Introduction 

In this paper, all groups are hnite. Let G be a hnite group. \i g & G that denotes 
the conjugacy class in G containing g and \g^\ its size, Gc{g) denotes the centralizer of g in 
G. We use N{G) for the set {n\3g G G such that \g^\ = n}. Thompson in 1987 posted the 
following conjecture with respect to N{G). 

Thompson’s Conjecture (see jlj, Question 12.38). If L is a finite simple non 
Abelian group, G is a finite group with trivial center, and N{G) = N{L), then G ~ L. 

Thompson’s conjecture was proved valid for many hnite simple groups of Lie type. Let 
Altn be the alternating group of degree n, Symn be the symmetric group of degree n. Alavi 
and Daneshkhah proved that the groups Altn with n = p, n = p+l, n = p + 2 and p prime 
are characterized by N{G) (see [2]). Recently, the groups Altio, AHiq, and Alt 22 were proved 
valid for this conjecture (see 0! 0) 0)- 
Our main result is the following. 

Theorem 1. If G is a finite group such that N{G) = N{Altn),n > 5 or N{G) = N{Symn), 
n > 23, then G is non-solvable. 

2. Notation and preliminary results 

Given a hnite group G, denote by vr(G) the set of prime divisors of its order. 

Lemma 1. Let G and H are finite groups, center of G is trivial and N{G) = N{H). Then 
7r(G) C 7r{H). 

Proof. In the same way as [3l Lemma 3]. 

Lemma 2 ( [3l Lemma 5]). Let K he a normal subgroup of a finite group G, and G = G/K. If 
X is the image of an element x ofG to G, them divides \x^\. Moreover, if {\x\, \K\) = 1, 
then Gq{x) = Gg{x)K/K. 

Lemma 3. Let x,y & G,{\x\,\y\) = 1, xy = yx. Then Gcixy) = Gg{x) D Gciy)■ 

Proof. The proof is trivial. 

Lemma 4 ( [6l Theorem 4.34]). Let A act via automorphisms on an Abelian group G, and 
suppose that (|G|, |y4|) = 1. Then G = Gg{A) x [G, A]. 

Lemma 5. Let g act via automorphisms on an Abelian group G, and suppose that (|G|, l^^l) = 
1. Then divides |[G, 5 f]| — 1. 

Lemma 6. If G is finite group and there exists a prime p G 7r(G) such that p^ does not 
divide \x^\ for all x in G. Then a Sylow p-subgroup of G is Abelian. 
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Proof. In the same way as [3l Lemma 4], 

Let 0 C N, |0| < oo, r(0) is directed graph, the set vertices is equal to 0 and ^ if 

a divides b, h{Q) is length of a maximal path in the graph r(0). Let r(G) = r{N{G)), 

Vi G {Alti, Syrrii}, G be a hnite solvable group such that N{G) = NiV^) where n > 5 if 
Vn — Altn and n > 23 if ~ Synin, hi = {t\n/2 < t < n,t— prime }, p be maximal number 
of hi. From Lemma [U we obtain that vr(G) 3 vr(V^) in particular hi C 7r(G). 

Lemma 7. Ifn > 1361, then |hl| > log 2 (n!/(p)!), 

Proof. Let (j){x) be the number of primes less or equal x, From [3 Section 35, §1] it follows 
that 0, 921 • {x/ ln(a:)) < 0(x) < 1,106 • (x/ ln(x)) for 10 < x. Hence |hl| = 0(n) — 0(n/2) > 
• If is proved in [8] that n — p < Using this assertions we get that 

lemma is valid if n > 1000000. If 1361 <n< 1000000 then using [9] we obtain our assertion. 

The lemma is proved. 

Lemma 8. Lett G hi, a G N{G) andt ^ 7i{a). Then a = |I4|/(f|G|) or a = |I4|/(| |i^|) 

where G = Gv„_t{g), for any g G Ki-t? t + i < n, B = Gy^_j_.(h), h G Vn-t-i and h moves 

n — t — i points. 

Proof. The proof is trivial. 

Let <I)i = {a G N{G)\a = |I4|/(f|G|), G = Gv„_t{g), for any g G = {a G 

N{L)\a = \Vn\/{\Vt+i\\B\, i > 0,t + i < n - 1, B = Gv„_t_i{g),g G Vn-t-i and g moves 

n — t — i points }. Let us remark that the dehnitions of sets <I> and T do not imply that t is 
prime. 

Lemma 9. 1. If n — t = 2, then h(Tt) < 1 

2. If n — t = 3, then h(Tt) < 2 

3. If n — t = A, then h{A/t) < 3 

4 . If n — t = 5, then h{Att) < 5 

5. If n — t = 6, then h{A/t) < 6 

6. If n — t = 7, then h(Tt) < 8 

7. If n — t = 3, then h(Tt) < 11 

8. Ifn — t = 9, then h(Tt) < 14 

9. If n — t = 10, then h{A!t) < 18 

10. If n — t = 11, then h{A!t) < 21 

11. If n — t = 12, then h{A!t) < 26 

12. If n — t = 13, then h{A>t) < 30 

13. If n — t = 18, then h(fl>t) < 69 

Proof By dehnition we have h{A/t) < n-t} where Ri = {\g^4y9 ^ and g 

moved i point }. Let us use |9] for calculation Ri. The lemma is proved. 
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Lemma 10. If G is solvable group, then Hall Q-subgroup is an Abelian. 

Proof. It follows from Lemma [6] that Sylow f-subgroup of G is Abelian for any f G 12. 
Assnme that Hall 12-snbgronp of G is not Abelian. It follows that there exists {ti,tj} C 12 
snch that a Hall {2*, 2j}-snbgronp if of G is non Abelian. Let R < G he a maximal normal 
snbgronp snch that H = HR/R is non Abelian. Hence in gronp G = G/R there exist normal 
2-subgronp T, t E {ti,t 2 }, snch that there exist g E G, E {2i,22} \ {2} and \T,g\ ^ 1. By 
Lemma m T = Gxig) x [T,g]. Using Lemma [5] we get that \g\ divides [T,g] — 1. Bnt not 
divides 2 — 1, therefore |[T, 5 f]| > 2. From Lemma |2] it follows that \g'^\t > 2 and there exists 
n G N{G) snch that R divides n; a contradiction. The lemma is proved. 

Lemma 11. Let G by solvable. If there exists r prime such that p + 1 <2r <n then a Hall 
{r} U Q-subgroup is isomorphic direct product ofTxR where T is a Hall fl-subgroup and R 
is a Sylow r-subgroup. In particular, if g eT then Ig'^l is not divisible by r. 

Proof. The proof is analogous to that of Lemma [TOl 

Lemma 12. Let T be a Hall Q-subgroup of G, 0 = for all g E T}. If |12| > h{Q), 
then G are non-solvable. 

Proof. Assume that G is solvable and |12| > h(0). From Lemma dU] it follows that 
a Hall 12-subgroup of G is Abelian. Let gi E T, l^fil = 2i,2i G 12 is minimal of 12. It 
follows that there exist ri G Gcigi) such that intersection fl T is Hall 12-subgroup 

of Gciri), and 22 divides |rf | where 22 is minimal of 12 \ {2i}. Hence there exist g 2 E 
T, \g 2 \ = 22 such that Gcigi) 7 ^ Gg( 5 ' 2 )- Since T is Abelian from Lemma [3] it follows that 
|( 5 'i 5 ' 2 )^| > Idil and \gf\ divides |( 5 'i 5 ' 2 )‘^|- Repeating this procedure |12| times we obtain a 
set S = {gi, gig2, gig2g3,gig2--9\n\} and \gf\\\{gig2)'^\\--\\9i92--9\n\\- Thus h(0) > |12|; a 
contradiction. The lemma is proved. 

3. Proof of the main theorem 

Lemma 13. If n > 1361 then G is non-solvable. 

Proof. Assume that G is solvable group. Let T be a Hall 12-subgroup of G. Using Lemma 
[S] we get that {g'^l E Tp for any 9 E T. Let us show that |12| > h(Tp). Let hi,..., hk E Tp 
such that hi\h 2 \...\hk. Therefore 2hi < h 2 , 2 h 2 < h^...2hk-i < hk- If / G Tp then /|?7,!/(p)!. 
Hence h(Tp) < log 2 {n\/{p)\). Using Lemma [7] we get |12| > log 2 {n\/{p)\ > h(Tp). From 
Lemma [12] if follow that G is non-solvable; a contradiction. The lemma is proved. 

Lemma 14. If 22 < n < 1361 then G is non-solvable. 

Proof. Assume that G is solvable group. Let T be a Hall 12-subgroup of G. Using Lemma 
[8] we get that \g^\ E Tp for any 9 E T. From Lemma [TT] it follows that {g'^l is not divisible 
by r where 9 eT and p-|- 1 < 2r < n, r is prime. Hence \g'^\ = | 14 |/(V 2 r+i|G|) G ^ 2 r where 
0<2<?7, — 2r-|-2, and G = Gv,,_ 2 r-i{g)i 9 ^ < i < n — 2 r -\- 2 . Let 0 = for 

all p G T}. Combining Lemma [H [9], and Lemma [T2l we get a contradiction. The lemma is 
proved. 

Lemma 15. 7/5 < n < 22 then G is non-solvable. 

Proof. The assertion follows from [2], [3] and [1]. 
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